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Abstract
Let Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn) be a directed circulant graphs with pn vertices and some non-ﬁxed jumps, where
1a1a2 · · · ak(n− 1),1q1q2 · · · qmp − 1, are ﬁxed integers, and an integer n varies. In this paper, a formula,
asymptotic behaviors and linear recurrence relations for the number of its spanning trees are obtained.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The number of spanning trees in a graph (network) is an important invariant, it is also an important measure of
reliability of a network. The well-knownmatrix-tree theorem (see e.g., [7]) can be used to count the number of spanning
trees for small graphs, but this method is not feasible for large graphs. Let G be an undirected (resp. directed) graph,
the number of its spanning trees (resp. out-trees) be denoted by t (G). For some special classes of undirected graphs,
explicit formulas for t (G) have been obtained so far [2,3,5,6,8,9,11].
The circulant graphs are an important class of graphs, which can be used in the design of local area networks [1]. Let
1a1a2 · · · akn− 1 be positive integers. An undirected (resp. directed) circulant graph Cn(a1, a2, . . . , ak) is
a regular undirected (resp. directed) graph whose set of vertices is V = {0, 1, . . . , n− 1} and whose set of edges (resp.
arcs) is
E = {(i, i + aj (mod n))|i = 0, 1, . . . , n − 1, j = 1, 2, . . . , k}.
For undirected circulant graphs Cn(1, 2), Cn(1, 3) and Cn(1, 4), the results on the numbers of their spanning trees
can be found in [9]. For undirected Cn(a1, a2, . . . , ak), where ak <n/2, the ones can be found in [5,11]; for undirected
C2n(a1, a2, . . . , ak, n), where n varies, the ones were given in [6]; for directedCn(a1, a2, . . . , ak), where akn−1, the
ones were given in [10]. In this paper, we consider directed circulant graphs with pn vertices and some non-ﬁxed jumps
Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn), where 1a1a2 · · · ak(n − 1), 1q1q2 · · · qmp − 1, are
ﬁxed integers, and an integer n varies. A formula, asymptotic behaviors and linear recurrence relations for the numbers
of their spanning trees are obtained.
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In the following sections, we will consider only directed circulant graphs, and εN stands for e2
√−1/N
, where N is
a positive integer. If A(n) and B(n) are integers depending on an integer n such that
A(n) → ∞, B(n) → ∞, A(n)/B(n) → 1 (n → ∞)
then we write it by A(n) ∼ B(n), n → ∞.
2. Some lemmas
In this section, some lemmas are given.
Lemma 1 (see, e.g., Zhang and Yong [10]).
t (Cn(a1, a2, . . . , ak)) =
n−1∏
r=1
(
k −
k∑
i=1
εairn
)
.
Lemma 2 (Zhang and Yong [10]). If (a1, a2, . . . , ak) = 1, then
t (Cn(a1, a2, . . . , ak)) ∼ nkn
/
k∑
i=1
ai, n → ∞.
Lemma 3. Let (a1, a2, . . . , ak) = d, (d, n) = 1, and ai = bid, i = 1, 2, . . . , k. Then Cn(a1, a2, . . . , ak) is isomorphic
to Cn(b1, b2, . . . , bk), and
t (Cn(a1, a2, . . . , ak)) = t (Cn(b1, b2, . . . , bk)) ∼ dnkn
/
k∑
i=1
ai, n → ∞.
Proof. It is clear that (b1, b2, . . . , bk) = 1. Let (h) = hd (mod n), h ∈ {0, 1, . . . , n − 1}. It is easy to show that  is
an isomorphism from Cn(b1, b2, . . . , bk) to Cn(a1, a2, . . . , ak). By Lemma 2, the lemma follows. 
Lemma 4. Let 1hp − 1, 1a1a2 · · · ak , 1q1q2 · · · qmp − 1, and let
fh(x) =
k∑
i=1
xai +
m∑
j=1
ε
qj h
p − k − m
be a polynomial of degree ak with a root . If (q1, q2, . . . , qm, p) = 1, then ||> 1.
Proof. Let (q1, q2, . . . , qm) = d . Then (d, p) = 1 and
(q1h, q2h, . . . , qmh, p) = (dh, p) = (h, p)<p.
Thus there exists j, 1jm, such that qjh is not divisible by p. It is clear that ε
qj h
p = 1 and∑mj=1εqj hp = m. Since 
is a root of fh(x), if ||1, then
k <
∣∣∣∣∣∣k + m −
m∑
j=1
ε
qj h
p
∣∣∣∣∣∣=
∣∣∣∣∣
k∑
i=1
ai
∣∣∣∣∣ 
k∑
i=1
||ai k,
a contradiction. So ||> 1. 
The following two lemmas can be easily proved.
Lemma 5. If (p, q) = 1, then
{qh (modp)|h = 1, 2, . . . , p − 1} = {1, 2, . . . , p − 1}.
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Lemma 6. If x = 1, then
p−1∏
h=1
(
x − εhp
)
= x
p − 1
x − 1 .
Lemma 7 (See, e.g., Brualdi [4, p. 201]). Let xi = 0, i = 1, 2, . . . k, let
1 =
k∑
i=1
xi, 2 =
∑
i<j
xixj , . . . , k =
k∏
i=1
xi ,
and let
p(x) =
k∏
i=1
(x − xi) = xk − 1xk−1 + 2xk−2 − · · · + (−1)kk .
Assume that
sn = c1xn1 + c2xn2 + · · · + ckxnk , n = 1, 2, . . . ,
where c1, c2, . . . , ck, are any constants. Then sn satisfy the following linear recurrence relation of order k with constant
coefﬁcients:
sn − 1sn−1 + 2sn−2 − · · · + (−1)kksn−k = 0, n> k.
And p(x) is said to be the characteristic polynomial for sn, and x1, x2, . . . , xk , the characteristic roots for sn.
3. A formula for t (Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn))
In this section, a formula for t (Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn)) is obtained.
Theorem 1. Let 1a1a2 · · · akn − 1, 1q1q2 · · · qmp − 1, be integers. Then
t (Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn))
= (−1)(ak+1)(p−1)nt (Cn(a1, a2, . . . , ak))
p−1∏
h=1
ak∏
s=1
(
nh,s − εhp
)
,
where h,s, s = 1, 2, . . . , ak, 1hp − 1, are all the roots of fh(x) in Lemma 4.
Proof. Let R = {1, 2, . . . , pn − 1}. Then
R = {lp|l = 1, 2, . . . , n − 1} ∪ {lp + h|h = 1, 2, . . . , p − 1, l = 0, 1, . . . , n − 1}.
By Lemma 1,
t (Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn))
=
pn−1∏
r=1
⎛
⎝k + m − k∑
i=1
εairpn −
m∑
j=1
ε
qj nr
pn
⎞
⎠
=
n−1∏
l=1
(
k −
k∑
i=1
εai ln
)
p−1∏
h=1
n−1∏
l=0
⎛
⎝k + m − m∑
j=1
ε
qj h
p −
k∑
i=1
ε
ai(lp+h)
pn
⎞
⎠
= t (Cn(a1, a2, . . . , ak))
p−1∏
h=1
n−1∏
l=0
(−1)fh
(
ε
lp+h
pn
)
.
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Since
fh(x) =
ak∏
s=1
(x − h,s),
by Lemma 6, we have
n−1∏
l=0
(−1)fh
(
ε
lp+h
pn
)
=
n−1∏
l=0
(−1)
ak∏
s=1
(
εhpnε
l
n − h,s
)
= (−1)(ak+1)n
ak∏
s=1
n−1∏
l=0
εhpn
(
ε−hpn h,s − εln
)
= (−1)(ak+1)n
ak∏
s=1
(εhpn)
n
((
ε−hpn h,s
)n − 1)
= (−1)(ak+1)n
ak∏
s=1
(
nh,s − εhp
)
.
Hence the theorem follows. 
Corollary 1. t (Cpn(1, qn)) = n∏p−1h=1 ((2 − εqhp )n − εhp).
Proof. Since fh(x) = x + εqhp − 2, by Theorem 1 and the fact that t (Cn(1)) = n, the corollary follows. 
4. Asymptotic behaviors
In this section, asymptotic behaviors for t (Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn)) are considered.
Theorem 2. Let (a1, a2, . . . , ak) = d, (d, n) = 1 and (q1, q2, . . . , qm, p) = 1. Then
t (Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn)) ∼ dn∑k
i=1ai
⎛
⎝k p−1∏
h=1
⎛
⎝k + m − m∑
j=1
ε
qj h
p
⎞
⎠
⎞
⎠
n
, n → ∞.
Proof. Let h,s, s = 1, 2, . . . , ak, 1hp − 1, be all the roots of fh(x) in Lemma 4. By Lemma 4, |h,s |> 1, thus,
if n → ∞, then
p−1∏
h=1
ak∏
s=1
(nh,s − εhp) ∼
p−1∏
h=1
ak∏
s=1
nh,s
=
⎛
⎝p−1∏
h=1
(−1)ak
⎛
⎝ m∑
j=1
ε
qj h
p − k − m
⎞
⎠
⎞
⎠
n
= (−1)(ak+1)(p−1)n
⎛
⎝p−1∏
h=1
⎛
⎝k + m − m∑
j=1
ε
qj h
p
⎞
⎠
⎞
⎠
n
.
By Theorem 1 and Lemma 3, the theorem follows. 
Corollary 2. Let (a1, a2, . . . , ak) = d, (d, n) = 1 and (p, q) = 1. Then
t (Cpn(a1, a2, . . . , ak, qn)) ∼ dn∑k
i=1ai
((k + 1)p − 1)n, n → ∞.
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Proof. By Lemmas 5 and 6,
p−1∏
h=1
(k + 1 − εqhp ) =
p−1∏
h=1
(
k + 1 − εhp
)
= (k + 1)
p − 1
k
.
By Theorem 2, the corollary follows. 
Corollary 3. Let (a1, a2, . . . , ak) = d, (d, n) = 1. Then
t (Cpn(a1, a2, . . . , ak, n, 2n, . . . , (p − 1)n)) ∼ dn∑k
i=1ai
(
k(k + p)p−1
)n
, n → ∞.
Proof. Let (h, p) = r , where 1hp − 1, and let h = qr, p = Pr , then (P, q) = 1. It is easy to show that
{iq (modP)|i = 0, 1, . . . , P − 1} = {0, 1, . . . , P − 1}
and
{j |j = 0, 1, . . . , p − 1} = {Ps + i|i = 0, 1, . . . , P − 1, s = 0, 1, . . . , r − 1}.
Hence
P−1∑
i=0
ε
(P s+i)qr
P r =
P−1∑
i=0
ε
iq
P =
P−1∑
i=0
εiP = 0
and
p−1∑
j=1
ε
jh
p = −1 +
p−1∑
j=0
ε
jh
p = −1 +
r−1∑
s=0
P−1∑
i=0
ε
(P s+i)qr
P r = −1.
By Theorem 2, the corollary follows. 
5. Linear recurrence relations
In this section, we will consider linear recurrence relations and give some examples.
Theorem 3. For n = 1, 2, . . ., let
sn := t (Cpn(a1, a2, . . . , ak, q1n, q2n, . . . , qmn))/
(
(−1)(ak+1)(p−1)nt (Cn(a1, a2, . . . , ak))
)
.
Then sn satisfy a linear recurrence relation of order 2ak(p−1) with constant coefﬁcients.
Proof. By Theorem 1, we have
sn =
p−1∏
h=1
ak∏
s=1
(
nh,s − εhp
)
, n = 1, 2, . . . ,
by Lemma 7, the theorem follows. 
Corollary 4. For n = 1, 2, . . ., let
sq,n := t (Cpn(a1, a2, . . . , ak, qn))/
(
(−1)(ak+1)(p−1)nt (Cn(a1, a2, . . . , ak))
)
.
If (p, q) = 1, then the characteristic polynomial for sq,n is the same as the one for s1,n.
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Proof. Let q,h,s , s = 1, 2, . . . , ak, 1hp − 1, be all the roots of the polynomial
fq,h(x) =
k∑
i=1
xai + εqhp − k − 1,
and let
Sq = {fq,h(x)|h = 1, 2, . . . , p − 1}
and
Eq = {q,h,s |s = 1, 2, . . . , ak, h = 1, 2, . . . , p − 1}.
By Theorem 3, sq,n satisfy a linear recurrence relation of order 2ak(p−1) with constant coefﬁcients. Since
sq,n =
p−1∏
h=1
ak∏
s=1
(
nq,h,s − εhp
)
, n = 1, 2, . . . ,
it is clear that one characteristic root for sq,n is 1, and the other ones are the products of the elements in the set Eq . By
Lemma 5, Sq = S1, hence Eq = E1, By Lemma 7, the corollary follows. 
Now we give some examples. By Theorems 1 and 3 and Corollaries 1 and 4, one can verify the examples.
Example 1. t (C2n(1, n)) = n(3n + 1).
Example 2. t (C2n(2, n)) = n(3n − 1), where n is odd.
Example 3. t (C2n(1, 2, n))= t (Cn(1, 2))(4n + (−1)n +An), where t (Cn(1, 2))=n(2n + (−1)n−1)/3 (see [10]), and
An satisfy a linear recurrence relations of order 2:
An = An−1 + 4An−2, A1 = 1, A2 = 9.
Example 4. t (C3n(1, n)) = n(7n + 1 + An), where
An = −
2∑
h=1
εh3 (2 − ε2h3 )n
satisfy a linear recurrence relation of order 2:
An = 5An−1 − 7An−2, A1 = 4, A2 = 13.
Example 5. t (C3n(1, 2n)) = n(7n + 1 + An), where
An = −
2∑
h=1
εh3 (2 − εh3 )n
satisfy a linear recurrence relation of order 2:
An = 5An−1 − 7An−2, A1 = 1, A2 = −2.
Example 6. t (C4n(1, n)) = n(3n + 1)(5n + 1 + An), where
An =
√−1(2 − √−1)n − √−1(2 + √−1)n
satisfy a linear recurrence relation of order 2:
An = 4An−1 − 5An−2, A1 = 2, A2 = 8.
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Example 7. t (C4n(1, 3n)) = n(3n + 1)(5n + 1 − An), where An is as in Example 6.
Example 8. t (C6n(1, n)) = n(3n + 1)(7n + 1 + An)(3n + 1 + Bn), where An is as in Example 4, and
Bn = −ε6(2 − ε56)n − ε56(2 − ε6)n.
Set n = 6k + j, k0, j = 1, 2, 3, 4, 5, 6, then
B6k+j = (−27)krj , r1 = 0, r2 = 3, r3 = 9, r4 = 18, r5 = r6 = 27.
Example 9. t (C6n(1, 5n)) = n(3n + 1)(7n + 1 + An)(3n + 1 + Bn), where An is as in Example 5, and
Bn = −ε6(2 − ε6)n − ε56(2 − ε56)n.
Set n = 6k + j, k0, j = 1, 2, 3, 4, 5, 6, then
B6k+j = (−27)krj , r1 = −3, r2 = −6, r3 = r4 = −9, r5 = 0, r6 = 27.
Example 10. t (C5n(1, n)) = nsn, where sn =∏4h=1((2 − εh5 )n − εh5 ) satisfy a linear recurrence relation of order 16.
And
sn = 31n + 1 + An + Bn + Cn + Dn,
where
An =
(
5 − 2ε5 − 2ε45
)n + (5 − 2ε25 − 2ε35)n
satisfy a linear recurrence relation of order 2:
An = 12An−1 − 31An−2, A1 = 12, A2 = 82,
Bn = −∑4h=1εh5 (2 − ε4h5 )n satisfy a linear recurrence relation of order 4:
Bn = 9Bn−1 − 31Bn−2 + 49Bn−3 − 31Bn−4, B1 = 6, B2 = 21, B3 = 61, B4 = 161,
Cn =∑4h=1εh5 (4 − 2εh5 − 2ε3h5 + ε4h5 )n satisfy a linear recurrence relation of order 4:
Cn = 19Cn−1 − 151Cn−2 + 589Cn−3 − 961Cn−4, C1 = 4, C2 = 79, C3 = 649, C4 = 3719,
Dn = −∑4h=1εh5 (10 + 2εh5 − 2ε2h5 − 4ε3h5 − 5ε4h5 )n satisfy a linear recurrence relation of order 4:
Dn = 49Dn−1 − 961Dn−2 + 8649Dn−3 − 29791Dn−4,
D1 = 26, D2 = 561, D3 = 10 191, D4 = 155 321.
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